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The paper deals with classes of subsets, that is classes consisting of pairs (Q , X), where
Q is a subset of a space X . The main result of the paper concerns the so-called hereditary
complete saturated classes of subsets. For such a class it is proved that there exist
a space X and a pair (Q , X) ∈ P for which (X \ Q , X) /∈ P.
Hereditary complete saturated classes of subsets are, for example, classes consisting of
the pairs (Q , X), where Q is a Borel type set of a space X of the additive class or of
the multiplicative class α. Borel type sets are obtained from the open sets by the same
process as the Borel sets of a metrizable space replacing the countable sums and countable
intersections by sums and intersections of τ many members, where τ is an inﬁnite
cardinal. From the main result of the paper it follows the well-known result that in
the Cantor cub Dτ for every α ∈ τ+ there exists a Borel type set of the additive class
α which is not a Borel type set of the class β < α.
The proof of the main result consists of two steps. In the ﬁrst step it is constructed
a corresponding universal set and in the second it is used the Cantor diagonal theorem.
The method of construction of the universal set is new even for the case τ = ω.
© 2011 Published by Elsevier B.V.
1. Agreement. All considered spaces are assumed to be T0-spaces of weight less than or equal to a ﬁxed inﬁnite cardinal
denoted by τ . An ordinal α coincides we the set of all ordinals β which are less than α and, therefore, relations β ∈ α
and β < α are equivalent. Any cardinal coincides with the ﬁrst ordinal of the corresponding cardinality. By τ+ we denote
the ﬁrst cardinal larger than τ . By Dτ we denote the Cantor cub, that is the topological product
∏
{Xα: α ∈ τ },
where Xα , α ∈ τ , is a space consisting of two isolated points: 0 and 1.
2. Classes of subsets. By a class of subsets we mean a class P consisting of pairs (Q , X), where Q is subset of a
space X .
If P is a class of subsets, then the space-component of P is the class of all spaces X for which there exists a subset Q of
X such that (Q , X) ∈ P.
A class P of subsets is said to be hereditary if for every subspace Z of a space Y a pair (Q Z , Z) belongs to P if and only
if there exists an element (Q Y , Y ) of P such that Q Z = Q Y ∩ Z .
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S.D. Iliadis / Topology and its Applications 159 (2012) 1702–1704 17033. Remark. In the present paper we use (without to give the deﬁnitions) the following notions introduced in [3]:
(1) A co-mark of an indexed collection of spaces. (See Introductory Remark 11 of [3].)
(2) A family of equivalence relations on an indexed collection of spaces. (See Introductory Remark 10 of [3].)
(3) A Containing Space. (See Section 1.2 of [3].)
(4) A restriction of an indexed collection of spaces. (See Introductory Remark 11 of [3].)
(5) A special subset T|Q of a Containing Space. (See Section 1.3 of [3].)
(6) An (M,R)-complete restriction. (See Section 1.4 of [3].)
(7) A complete restriction. (See Section 2.2 of [3].)
(8) A complete class of subsets. (See Section 2.2 of [3].)
(9) A saturated class of subsets. (See Section 2.2 of [3].)
(10) An initial co-mark (for classes of subsets). (See Section 2.2 of [3].)
(11) An initial family of equivalence relations (for classes of subsets). (See Section 2.2 of [3].)
(12) A semi-straight comark. (See Section 10.6 of [3].)
(13) P-universal set parametrized by a space. (See Section 10.6 of [3].)
4. Proposition. Let P be a hereditary complete saturated class of subsets and X an element of the space-component of P containing
topologically the Cantor cub Dτ . Then, there exists a subset G of X such that (G, X) ∈ P and (X \ G, X) /∈ P.
Proof. Denote by P(X) the non-empty set of all elements of P of the form (Q , X) and let S be the indexed collection
{
XQ : (Q , X) ∈ P(X)
}
,
where XQ is the space X for every (Q , X) ∈ P(X). Then,
Q= {Q : XQ ∈ S}
is a restriction of S. Since P is a complete class of subsets, the restriction Q is complete.
Now, we denote by M a co-mark of S and by R a family of equivalence relations on S such that:
(1) M is an initial co-mark of S corresponding to the restriction Q and the class P.
(2) R is an initial family corresponding to the co-mark M, the restriction Q, and the class P.
(3) M is a semi-straight co-mark of S.
(4) Q is an (M,R)-complete restriction.
Thus, we can consider the Containing Space T = T(M,R) and its special subset T|Q = T(M|Q,R|Q). By the above properties
(1) and (2) the pair (TQ,T) belongs to P.
We denote by Y the space C(∼∞R ) (see Section 10.6 of [3]). By Lemma 10.6.1 of [3], Y is a zero-dimensional (in the sense
of ind) space of weight  τ .
Since S, M, and R satisfy conditions of Proposition 10.6.2 of [3], from the proof of this proposition it follows that the
map h of X × Y onto T such that for every (x,E) ∈ X × Y, h(x,E) = a where a is the point of T containing the pair (x, XQ )
for some XQ in E ∈ Y, is a homeomorphism. In what follows, we shall identify the point (x,E) ∈ X × Y with the point a ∈ T.
Since P is a topological class of subsets, (Q X×Y, X × Y) ∈ P, where by Q X×Y we denote the set T|Q .
Furthermore, since S, R, and Q satisfy all conditions required in the proof of Proposition 10.6.4 of [3] (considering that
S= S(X,P) and Q = Q(X,P)) it follows from this proof that each element of Y consists of one element of S, that is if y ∈ Y,
then y = {XQ } for some XQ ∈ S. In this case, the set
Q X×Yy =
{
x ∈ X: (x, y) ∈ Q X×Y}
coincides with the set of all points x of X such that the point a of T containing the pair (x, XQ ) belongs to the subset T|Q
and, therefore, coincides with the subset Q . Therefore, Q X×Yy = Q , that is Q X×Y is a P-universal set for X parametrized by
the space Y.
By the assumption of the proposition and since the space Dτ is universal in the class of all regular zero-dimensional (in
the sense of ind) spaces (see, for example, [1]), there exists an embedding i of Y into X . Identifying a point y of Y with the
point i(y) of X we can consider the space Y as a subspace of X . In this case, the product Y×Y is a subspace of the product
X × Y. We prove that the set
Q Y×Y = Q X×Y ∩ (Y× Y)
is a P-universal set for Y parametrized by the space Y. Indeed, ﬁrst we note that by the heredity of P,
(
Q Y×Y,Y× Y) ∈ P.
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and Q X ∩ Y = Q Y. Let y be a point of Y for which Q X×Yy = Q X . Then, we have that
Q Y×Yy ≡
{
x ∈ Y: (x, y) ∈ Q Y×Y}= Q X×Yy ∩ Y = Q X ∩ Y = Q Y,
proving that Q Y×Y is a P-universal set.
Now, we consider the set K consisting of all points y of Y such that y /∈ Q Y×Yy . Then, (K ,Y) /∈ P. Indeed, in the opposite
case, there exists a point y0 of Y such that Q Y×Yy0 = K . From this relation and the deﬁnition of K it follows that the condition
y0 ∈ K implies that y0 /∈ K and the condition y0 /∈ K implies that y0 ∈ K , which is a contradition. Therefore, (K ,Y) /∈ P.
On the other hand, (Y \ K ,Y) ∈ P. Indeed, by the hereditary of P we have that (Q Y×Y ∩ ,) ∈ P, where  = {(y, y) ∈
Y× Y}. Let p be the ﬁrst projection of  on Y. Then, p(Q Y×Y ∩ ) = Y \ K and p() = Y. Since P is a topological class and
p is a homeomorphism, (Y \ K ,Y) ∈ P.
By the hereditary of P there exists a subset G of X such that G ∩ Y = Y \ K and (G, X) ∈ P. Then, (X \ G) ∩ Y = K and,
therefore, (X \ G, X) /∈ P completing the proof of the proposition. 
5. Borel type sets. Borel type sets are constructed in the same manner as the Borel sets of a metrizable spaces (see, for
example, [4]). Let X be a space and α ∈ τ+ . We deﬁne by induction two sets of subsets of X denoted by Gτα(X) and F τα(X)
as follows. Gτ0 (X) is the set of all open subsets of X . If α is an odd (respectively, an even) ordinal, then G
τ
α(X) is the set of
all intersections (respectively, of all unions) of τ many elements of the set
⋃{Gτβ(X): β ∈ α}.
Similarly, F τ0 (X) is the set of all closed subsets of the space X . If α is an odd (respectively, an even) ordinal, then F
τ
α(X)
is the set of all unions (respectively, of all intersections) of τ many elements of the set
⋃{F τβ (X): β ∈ α}.
By Borel type sets (of the class α) we mean the elements of the set
Gτα(X) ∪ F τα(X), α ∈ τ+.
A Borel type set A of X is said to be of the additive (respectively, of the multiplicative) class α ∈ τ+ if A is an element of the
set Gα(X) in the case, where α is an even (respectively, an odd) ordinal, and A is an element of the set Fα(X) in the case,
where α is an odd (respectively, an even) ordinal.
For every α ∈ τ+ we denote by Στα (respectively, by Πτα ) the class of subsets consisting of all pairs (Q , X), where X is
a space and Q is a Borel type set of the additive (respectively, of the multiplicative) class α.
It is easy to verify that Στα and Π
τ
α are hereditary classes of subsets.
6. Corollary. If a space X contains the Cantor cub Dτ , then for every α ∈ τ+ there exists a subset of X which is a Borel type set of the
additive class (respectively, of the multiplicative class) α and it is not a Borel type set of the class β for every β < α.
Proof. Let α ∈ τ+ . Consider the class P = Στα . Since this class is hereditary complete saturated class of subsets (see Sec-
tion 2.4 of [3]) by Proposition 5 there exists a subset G of X such that
(G, X) ∈ P(X) ≡ Στα(X) and (X \ G, X) /∈ Στα(X),
that is G is a Borel type set of the additive class α and Dτ \ G is not such a set. From this fact it follows that G is not a
Borel type set of the class β for every β < α. (Therefore, the set X \ G is a Borel type set of the multiplicative class α which
is not a Borel type set of the class β for every β < α.) For P= Πτα the proof is similar. 
7. Remark. We note that the process of obtaining the Borel type sets is one of the set-theoretical operations. More details
on these operations can be ﬁnd, for example, in [2], where one can ﬁnd also more bibliography. Corollary 6 is a particular
case (for regular spaces) of Theorem 9.9 of [2]. In this connection it is interesting to put the following problems. (About the
considered notions and notations in these problems see [2].)
8. Problem. Let Ψ be a τ -admissible τ -operation and α ∈ τ+ . Is the class Pα(Ψ ) consisting of all pairs (Q , X), where X is
a space and Q ∈ Ψα(X), (hereditary complete) saturated class of subsets?
9. Problem. Is Proposition 4 true in the case, where the element X of the space-component of P contains a τ -nontrivial
subspace (instead of Dτ )?
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